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1. Introduction
Throughout this paper, G is a finite group and Irr(G) is the set of irreducible characters
of G. We are particularly interested in the values these characters take on the identity
of G. If χ ∈ Irr(G), then χ(1) is the degree of χ . The set of all degrees for G is written
cd(G) = {χ(1) | χ ∈ Irr(G)}. We denote by ρ(G) the set of primes that divide degrees
in cd(G) and by π(n) the set of primes that divide a positive integer n. Note that by the
Itô–Michler theorem (see [11, Remarks 13.13]), if G is a nonabelian simple group, then
ρ(G) = π(|G|).
One tool to study cd(G) is the graph ∆(G) whose set of vertices is ρ(G), with an edge
between p and q if pq divides a for some degree a ∈ cd(G). If p,q ∈ ρ(G) are in the
same connected component of ∆(G), we define the distance between p and q , denoted
d(p,q), to be the number of edges in the shortest path between p and q . The diameter
of a connected component of ∆(G) is the maximum distance between two vertices in the
component. If ∆(G) is not connected, the diameter of the graph ∆(G) is defined to be the
maximum of the diameters of its connected components.
The question we consider in this paper is: what are the diameters of graphs that arise in
this fashion? It is shown in [10] that the diameter of ∆(G) is at most 3 when G is a solvable
group. Some preliminary reduction theorems for nonsolvable groups are also given in [10].
Our main results give bounds on the diameter of ∆(G) for all finite groups G. We first
show in Theorem 2.1 that if G is the sporadic simple Janko group J1, then the diameter of
∆(G) is 3, and if G is any other nonabelian finite simple group, then the diameter of ∆(G)
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M.L. Lewis, D.L. White / Journal of Algebra 283 (2005) 80–92 81is at most 2. In Theorem 3.1, we show that if G is any finite group, then the diameter of
∆(G) is at most 4. We do not know of an example of a group G with ∆(G) of diameter 4
and we suspect that the true bound is 3. More complete information on the degree graphs
of the simple groups will be needed in order to prove this, however.
2. Simple groups
Our goal in this section is to prove the following theorem.
Theorem 2.1. Let G be a nonabelian finite simple group. If G is isomorphic to the sporadic
group J1, then the diameter of ∆(G) is 3. If G is not isomorphic to J1, then the diameter
of ∆(G) is at most 2.
We will prove the theorem via a series of lemmas that consider the various possible
cases for the simple group G. The theorem will follow immediately from Lemmas 2.2–2.8
and the classification of finite simple groups.
We first consider the case where G is a simple group and ∆(G) is not connected. By [8,
Theorem 2.1], this holds if and only if G ∼= PSL2(q) for some prime power q  4.
Lemma 2.2. If G ∼= PSL2(2n) with n 2, then the diameter of ∆(G) is 1. If G ∼= PSL2(q)
with q odd and q > 5, then the diameter of ∆(G) is at most 2.
Proof. If G ∼= PSL2(q) for some prime power q = pn  4, then ∆(G) is disconnected and
the connected components of ∆(G) are determined in the proof of [8, Lemma 2.6].
If p = 2 and q  4, then the connected components of ∆(G) are {2}, π(2n − 1), and
π(2n + 1). Since G has characters of degrees 2n − 1 and 2n + 1, all components are com-
plete graphs. Note that PSL2(5) ∼= PSL2(4) is included in this case.
If p is odd and q > 5, the components of ∆(G) are π((q−1)(q+1)) and {p}. Moreover,
G has character degrees q + 1 and q − 1 and both are divisible by 2. Hence all primes in
π((q − 1)(q + 1)) are adjacent to 2 and the diameter of this component is at most 2. 
We may now assume that G is a nonabelian finite simple group and G is not isomorphic
to PSL2(q). This means that G is either a sporadic simple group, an alternating group An
with n 7 (since A5 ∼= PSL2(4) and A6 ∼= PSL2(9)), a group of exceptional Lie type:
G2(q) for q = 2,
F4(q), E6(q), E7(q), E8(q),
2E6
(
q2
)
, 3D4
(
q3
)
, all q
2B2
(
q2
)
and 2F4
(
q2
)
for q2 = 2,
2F4(2)′,
2G2
(
q2
)
for q2 = 3,
or a group of classical Lie type:
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2A
(
q2
)
, B(q), and C(q) for  2 (and q = 2 if  = 2),
D(q) and 2D
(
q2
)
for  4, all q.
Lemma 2.3. If G is a sporadic simple group other than M11, M23, or J1, then ∆(G) is a
complete graph. If G is M11 or M23, then the diameter of ∆(G) is 2, and the diameter of
∆(J1) is 3.
Proof. This result is straightforward to verify using the character tables found in the At-
las [2]. 
Lemma 2.4. If G is an alternating group An with n 7, then the diameter of ∆(G) is at
most 2.
Proof. In [9], it is shown that for n 7 and n = 8, if p is an odd prime dividing the order
of An, then An has an irreducible character χ such that 2p |χ(1). Thus every odd prime in
ρ(G) is adjacent to 2, so the diameter of ∆(G) is at most 2.
If G ∼= A8, then by the character table in [2],
cd(G) = {1,7,2 · 7,22 · 5,3 · 7,22 · 7,5 · 7,32 · 5,23 · 7,26,2 · 5 · 7}.
Thus all pairs of primes in ρ(A8) are adjacent except 2 and 3. There is a path of length 2
from 2 to 3, so the diameter of ∆(A8) is 2. 
Lemma 2.5. If G is a group of exceptional Lie type, then the diameter of ∆(G) is at most 2.
Proof. By [8, Lemma 2.4], if G is defined over a field of characteristic p and G is not of
type 2B2, then every prime in ρ(G) is adjacent to p. Hence the diameter is at most 2.
Let G ∼= 2B2(q2), where q2 = 22m+1, m 1. By the proof of [8, Lemma 2.5], all primes
other than 2 in ρ(G) are adjacent in ∆(G), and the graph is connected. Hence there is a
path of length at most 2 from 2 to any other prime in ρ(G), and again the diameter of
∆(G) is at most 2. 
More precisely, we have been able to show in [15] that if G is a simple group of ex-
ceptional Lie type and G is not of type 2B2, then ∆(G) is a complete graph. If G is of
type 2B2, then the diameter of ∆(G) is exactly 2.
Lemma 2.6. If G is a simple group of classical Lie type and G is not of type A or 2A,
then the diameter of ∆(G) is at most 2.
Proof. If G is simple of classical type other than A or 2A, then G is of type B, C, D,
or 2D. By the proof of [8, Lemma 2.2], if G is of type D or 2D, or if G is of type B or
C and  3, then G has two irreducible character degrees with a common prime factor
such that every prime in ρ(G) divides one of the two degrees. It follows that the diameter
of ∆(G) is at most 2 in these cases.
M.L. Lewis, D.L. White / Journal of Algebra 283 (2005) 80–92 83Now let G be of type B2 or C2. Then G ∼= PSp4(q), and q = 2 since G is simple. If
q = 3, then |G| = 26 · 34 · 5. By the character table of PSp4(3) in the Atlas [2], there is an
irreducible character of degree 30 = 2 · 3 · 5, hence ∆(G) is complete.
If G ∼= PSp4(q) and q > 3, the order of G is
|G| = 1
(2, q − 1)q
4(q − 1)2(q + 1)2(q2 + 1).
The character tables in [4] or [13] show that G has irreducible characters of degrees
q(q + 1)(q2 + 1), q(q − 1)(q2 + 1), and (q − 1)2(q + 1)2, hence ∆(G) is complete in
this case as well. 
In the proofs of the following lemmas, we will denote by Φk = Φk(q) the kth cyclo-
tomic polynomial in q .
Lemma 2.7. If G is a simple group of type A,   2, then the diameter of ∆(G) is at
most 2.
Proof. Let G ∼= A(q) be simple with  2. Then G ∼= PSL+1(q), where q is a power of
a prime p, and G is a normal subgroup of index d = (+ 1,Φ1) in PGL+1(q), the adjoint
group of type A.
If  5, then by the proof of [8, Lemma 2.2], G has two irreducible character degrees
with a common prime factor and every prime in ρ(G) divides one of the two degrees.
Hence the diameter of ∆(G) is at most 2 in this case. We consider the cases  = 2, 3, and
4 separately.
Let  = 2, so G ∼= PSL3(q). If q = 2, then G ∼= PSL2(7) and this group was considered
in Lemma 2.2. It is easily verified using the character tables in the Atlas [2] that if q = 3,
then the graph is complete, and if q = 4, then the diameter is 2. We may therefore as-
sume that q  5. The order of G is |G| = 1
d
q3Φ21Φ2Φ3, where d = (3,Φ1). Therefore, the
primes in ρ(G) are p and those primes dividing Φ1, Φ2, or Φ3. By the character table of
PSL3(q) in [12], for q  5 there exist characters of degrees qΦ3, Φ1Φ3, and Φ2Φ3. Hence
every prime in ρ(G) is adjacent to a prime dividing Φ3, and the diameter is at most 2.
Let  = 3, so G ∼= PSL4(q) and G is a normal subgroup of PGL4(q) of index d =
(4,Φ1). The order of G is |G| = 1d q6Φ31Φ22Φ3Φ4, hence ρ(G) consists of p and primes
dividing Φ1, Φ2, Φ3, or Φ4. By the list of character degrees in [14, Table XII], PGL4(q)
has irreducible characters of degrees q2Φ21Φ3, Φ1Φ3Φ4, and Φ
3
1Φ2Φ3. If χ is one of these
characters and µ is an irreducible constituent of the restriction of χ to G, then by [6,
Corollary 11.29], χ(1)/d divides µ(1), hence χ(1)/Φ1 divides µ(1). Therefore, G has
irreducible characters whose degrees are divisible by q2Φ1Φ3, Φ3Φ4, and Φ21Φ2Φ3. Thus
every prime in ρ(G) is adjacent to a prime divisor of Φ3 and the diameter of ∆(G) is at
most 2.
Let  = 4, so G ∼= PSL5(q) and G is a normal subgroup of PGL5(q) of index d =
(5,Φ1). The order of G is |G| = 1d q10Φ41Φ22Φ3Φ4Φ5, hence ρ(G) consists of p and
primes dividing Φ1, Φ2, Φ3, Φ4, or Φ5. By [1, §12.1 and 13.8], G has unipotent char-
acters χ(2,3) and χ(1,4) of degrees χ(2,3)(1) = q2Φ5 and χ(1,4)(1) = qΦ2Φ4. By the proof
84 M.L. Lewis, D.L. White / Journal of Algebra 283 (2005) 80–92of [8, Lemma 2.2], PGL5(q) has a semisimple character χs of degree χs(1) = Φ41Φ22Φ3Φ4.
As above, by [6, Corollary 11.29], G has an irreducible character µs whose degree is di-
visible by Φ31Φ
2
2Φ3Φ4. These degrees show that all primes dividing Φ1, Φ2, Φ3, or Φ4 are
adjacent in ∆(G), and p is adjacent to all prime divisors of Φ2, Φ4, and Φ5. Thus there is a
path of length at most 2 between any two primes except possibly between primes dividing
Φ5 and those dividing either Φ1 or Φ3. Thus to complete the proof, it suffices to find an
irreducible character of PSL5(q) whose degree is divisible by Φ1, Φ3, and Φ5.
Let K be an algebraic closure of the field of q elements and G= SL5(K). Let F be the
standard Frobenius map onG given by (aij ) → (aqij ), so that the set GF of fixed points of
F is SL5(q). Let σ be an element of order q4 − 1 in the field of q4 elements, and
τ = σ−(q4−1)/(q−1) = σ−(q3+q2+q+1),
an element of order q − 1 in the field of q elements. Denote by X the diagonal matrix
X = diag[σ,σq, σ q2, σ q3 , τ ] in SL5(K). Then X is a regular element of SL5(K) for all q
and is contained in an F -stable conjugacy class of SL5(K). The intersection of this class
with SL5(q) is therefore a conjugacy class of semisimple elements with centralizer order
q4 − 1 = Φ1Φ2Φ4. By the results of [1, §8.4], the dual group PGL5(q) has an irreducible
semisimple character whose degree is the p′-part of the index of this centralizer in SL5(q).
Thus PGL5(q) has a character of degree Φ31Φ2Φ3Φ5 and G ∼= PSL5(q) has a character
whose degree is divisible by Φ21Φ2Φ3Φ5. It follows that the diameter of ∆(G) is at most 2
in this case, completing the proof. 
Lemma 2.8. If G is a simple group of type 2A,   2, then the diameter of ∆(G) is at
most 2.
Proof. Let G ∼= 2A(q2) be simple with  2. Then G ∼= PSU+1(q2), where q is a power
of a prime p, and G is a normal subgroup of index d = ( + 1,Φ2) in PU+1(q2), the
adjoint group of type 2A.
If  5, then by the proof of [8, Lemma 2.2], G has two irreducible character degrees
with a common prime factor such that every prime in ρ(G) divides one of the two degrees.
Hence the diameter of ∆(G) is at most 2 in this case. We consider the cases  = 2, 3, and 4
separately.
Let  = 2, so G ∼= PSU3(q2). If q = 2, then G is not simple, so we may assume q > 2.
The order of G is |G| = 1
d
q3Φ1Φ22Φ6, where d = (3,Φ2). Therefore, the primes in ρ(G)
are p and those primes dividing Φ1, Φ2, or Φ6. By the character table of PSU3(q2) in [12],
for q > 2 there exist characters of degrees qΦ6, Φ1Φ6, and Φ2Φ6. Hence every prime in
ρ(G) is adjacent to a prime dividing Φ6, and the diameter is at most 2.
For the cases  = 3 and  = 4, we require the following notation. Denote by K an
algebraic closure of the field of q elements and let G = SL+1(K). Let F be the twisted
Frobenius map on G given by (aij ) → ((aqij )t )−1, so that the set GF of fixed points of F
is SU+1(q2).
Let  = 3, so G ∼= PSU4(q2) and G is a normal subgroup of PU4(q2) of index
d = (4,Φ2). The order of G is |G| = 1q6Φ2Φ3Φ4Φ6, hence ρ(G) consists of p andd 1 2
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χ(2,2) and χ(1,3) of degrees χ(2,2)(1) = q2Φ4 and χ(1,3)(1) = qΦ6. By the proof of [8,
Lemma 2.2], PU4(q2) has a semisimple character χs of degree χs(1) = Φ21Φ22Φ4. Hence
G has an irreducible character whose degree is divisible by Φ21Φ2Φ4. These degrees show
that all primes dividing Φ1, Φ2, or Φ4 are adjacent in ∆(G) and p is adjacent to primes
dividing Φ4 or Φ6. Hence there is a path of length at most 2 from p to any prime in ρ(G)
and a path of length 2 between the prime divisors of Φ6 and Φ4. In order to complete the
proof in the case  = 3, it suffices to show that G has an irreducible character whose degree
is divisible by Φ1, Φ2, and Φ6.
Let σ be an element of order q4 − 1 in the field of q4 elements, and let η = σq+1, an
element of order
q4 − 1
q + 1 = q
3 − q2 + q − 1.
Denote by X the diagonal matrix X = diag[η−1, ηq, η−q2, ηq3]. Then X is a regular ele-
ment ofG= SL4(K) for all q and is contained in an F -stable conjugacy class of SL4(K).
The intersection of this class with SU4(q2) is therefore a conjugacy class of semisimple
elements with centralizer order (q4 − 1)/(q + 1) = Φ1Φ4. By the results of [1, §8.4], the
dual group PU4(q2) has an irreducible semisimple character whose degree is the p′-part of
the index of this centralizer in SU4(q2). Thus PU4(q2) has a character of degree Φ1Φ32Φ6
and G ∼= PSU4(q2) has a character whose degree is divisible by Φ1Φ22Φ6. It follows that
in the case  = 3, the diameter of ∆(G) is at most 2.
Let  = 4, so G ∼= PSU5(q2) and G is a normal subgroup of PU5(q2) of index
d = (5,Φ2). The order of G is |G| = 1d q6Φ21Φ42Φ4Φ6Φ10, hence ρ(G) consists of p and
primes dividing Φ1, Φ2, Φ4, Φ6, or Φ10. By [1, §12.1 and 13.8], G has unipotent charac-
ters χ(2,3) and χ(1,4) of degrees χ(2,3)(1) = q2Φ10 and χ(1,4)(1) = qΦ1Φ4. By the proof
of [8, Lemma 2.2], PU5(q2) has a semisimple character χs of degree χs(1) = Φ21Φ42Φ4Φ6.
Hence G has an irreducible character whose degree is divisible by Φ21Φ
3
2Φ4Φ6. These de-
grees show that all primes dividing Φ1, Φ2, Φ4, or Φ6 are adjacent in ∆(G) and p is
adjacent to primes dividing Φ1, Φ4, or Φ10. Hence there is a path of length at most 2 from
p to any prime in ρ(G) and a path of length 2 between the prime divisors of Φ10 and those
of Φ1 or Φ4. In order to complete the proof in the case  = 4, it suffices to show that G has
an irreducible character whose degree is divisible by Φ2, Φ6, and Φ10.
Again let σ be an element of order q4 − 1 in the field of q4 elements, and let
ρ = σ−(q4−1)/(q+1) = σ−(q3−q2+q−1),
an element of order q + 1 in the field of q2 elements. Let X be the diagonal matrix
X = diag[σ−1, σ q, σ−q2 , σ q3, ρ]. Then X is a regular element of G = SL5(K) for all
q and is contained in an F -stable conjugacy class of SL5(K). The intersection of this class
with SU5(q2) is therefore a conjugacy class of semisimple elements with centralizer order
q4 −1 = Φ1Φ2Φ4. Therefore, by the results of [1, §8.4], the dual group PU5(q2) has an ir-
reducible semisimple character of degree Φ1Φ3Φ6Φ10 and G ∼= PSU5(q2) has a character2
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2 in the case  = 4, completing the proof. 
3. General groups
We now consider the case of a general finite group G, and prove the main theorem.
Theorem 3.1. If G is a finite group, then the diameter of ∆(G) is at most 4.
We begin by proving the result in case G is nonsolvable and ∆(G) is not connected. It
is shown in [9] that ∆(G) has at most three connected components.
Lemma 3.2. Let G be a nonsolvable group such that ∆(G) is disconnected. If ∆(G) has
two connected components, then one component is an isolated vertex and the other compo-
nent has diameter at most 2. If ∆(G) has three connected components, then the diameter
of ∆(G) is 1.
Proof. First assume ∆(G) has three connected components. In this case, [8, Theo-
rem 4.1] implies G ∼= A × PSL2(2n), where n  2 and A is an abelian group. Thus
∆(G) = ∆(PSL2(2n)), and the diameter of ∆(G) is 1 by Lemma 2.2.
Now assume ∆(G) has two connected components. In this case, we rely on the charac-
terization of G found in [8, Theorem 6.3]. There, we proved that G has normal subgroups
N ⊆ K so that K/N ∼= PSL2(q), where q  4 is a power of a prime p. There are several
additional conditions that G satisfies, and we will refer to these as needed. In the proof of
Theorem 6.3 of [8], we showed that p is an isolated vertex in ∆(G) (where p is taken to
be 5 in case K/N ∼= PSL2(4) ∼= PSL2(5)). We need to determine the diameter of the other
component of ∆(G).
As in [8, Theorem 6.3], we take C/N = CG/N(K/N). Observe that G/C is isomor-
phic to a subgroup of the automorphism group of PSL2(q) and ∆(G/C) is a subgraph of
∆(G). We claim that ρ(G) = ρ(G/C). Suppose r is a prime that does not lie in ρ(G/C)
(in particular, r is not 2 or p). Let R be a Sylow r-subgroup of G. By [8, Theorem 2.7
and Remark 2.8], every prime divisor of |G : C| lies in ρ(G/C), so R ⊆ C. Now, C/N is
central in G/N by [8, Theorem 6.3], so RN is normal in G and RN/N is abelian. Also,
using that result, the only primes dividing |N | are 2 and p, so R ∩ N = 1. This implies R
is abelian. Taking L to be as in [8, Theorem 6.3], |N : L| divides 2. We see that |RN : RL|
divides 2, and thus, RL/L is a normal abelian Sylow r-subgroup of G/L. By Itô’s theorem
[6, Theorem 6.15], r does not lie in ρ(G/L). On the other hand, in the proof of [8, Theo-
rem 6.3], we showed that the characters in Irr(G) that do not contain L in their kernels all
have degree q2 − 1. This implies that r does not lie in ρ(G), and the claim is proved. It
therefore suffices to prove the result for G/C.
If q = 4 or q = 5, then ρ(G/C) = {2,3,5}. Hence each of the two connected compo-
nents clearly has diameter at most 1.
We now assume q > 5, so that G/C satisfies the hypotheses of [8, Theorem 2.7]. In the
proof of that result, we showed that G/C has a character whose degree is divisible by all
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is divisible by q + 1.
If p is odd, this implies that the distance between any two primes in π(|G : CK|) ∪
π(q2 − 1) is at most 2, since q − 1 and q + 1 have a common divisor of 2. The result
follows for G/C, hence for G, if q is odd and q > 5.
For p = 2, we also showed in [8, Theorem 2.7] that |G : CK|(q + 1) is a de-
gree in cd(G/C). Therefore, if G > CK , then the distance between any two primes in
π(|G : CK|) ∪ π(q2 − 1) is at most 2. Hence the result holds if p = 2 and G > CK .
Finally, if p = 2 and G = CK , then SL2(q) ∼= PSL2(q) ∼= K/N and N > 1 by [8,
Theorem 6.3]. Hence L> 1, and q2 − 1 is a degree in cd(G), by the proof of that theorem.
Also, ρ(G/C) = ρ(K/N) = {p}∪π(q2 −1), and the connected component not containing
p is a complete graph.
Using results of [8,10], we will be able to reduce to the case of a group G that satisfies
the following hypothesis.
Hypothesis 3.3. G is a finite group, ∆(G) is connected, G′′ = G′, and if N is a normal
subgroup of G contained in M = G′ such that M/N is a chief factor of G, then M/N is
isomorphic to a nonabelian simple group S.
If G satisfies Hypothesis 3.3 and ∆(S) is connected but S is not isomorphic to J1, the
theorem will follow from results of [10] and Theorem 2.1 above. It is shown in [8] that if
∆(S) is not connected, then S ∼= PSL2(q) for some prime power q . We therefore consider
the cases S ∼= J1 and S ∼= PSL2(q) separately.
Proposition 3.4. If G satisfies Hypothesis 3.3 and S ∼= J1, then every prime p ∈ ρ(G) −
ρ(S) is adjacent in ∆(G) to either 7 or 19.
Proof. From [2], we know that the outer automorphism group of S ∼= J1 is trivial. This im-
plies G = CM where C/N = CG/N(M/N). Since p /∈ ρ(S), we may use the Itô–Michler
theorem to see that p does not divide |S|, and thus, p ∈ ρ(C). Therefore, there is a char-
acter θ ∈ Irr(C) so that p divides θ(1). Let T be the stabilizer of θ in G. Since the Schur
multiplier of J1 is trivial (see [2]), it follows that if T = G, then θ extends to G. By Gal-
lagher’s theorem, [6, Corollary 6.17], we determine that θ(1)a ∈ cd(G) for every degree
a ∈ cd(G/C). Since G/C is isomorphic to J1, this implies that p is adjacent to every prime
in ρ(S), including 7 and 19.
We suppose now that T < G. Since θ(1)|G : T | divides some degree in cd(G), it suffices
to show that either 7 or 19 must divide |G : T |. We can find a maximal subgroup H/C of
G/C so that T ⊆ H . Using [2], we see there are 7 possible values for |G : H |: 266, 1045,
1463, 1540, 1596, 2926, and 4180. Each of these integers is divisible by either 7 or 19.
Since |G : H | divides |G : T |, the proposition is now proved. 
Lemma 3.5. If G satisfies Hypothesis 3.3 and S ∼= J1, then ∆(G) has diameter at most 3.
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if p,q ∈ ρ(S), then d(p,q)  3. Next suppose that one of p or q lies in ρ(S) and the
other does not, say p ∈ ρ(G) − ρ(S) and q ∈ ρ(S). We see via [2] that d(q,7) 2 and
d(q,19) 2. By Proposition 3.4, p is adjacent to either 7 or 19, so d(p,q) 3.
Finally, suppose both p,q ∈ ρ(G) − ρ(S). By Proposition 3.4, p must be adjacent to
either 7 or 19 and q must be adjacent to 7 or 19. If p and q have a common neighbor,
then d(p,q) 2. The other possibility is that p is adjacent to one of 7 or 19 and that q is
adjacent to the other one. Since d(7,19)= 1, we conclude that d(p,q) 3. The lemma is
now proved. 
We now consider the case where S ∼= PSL2(rn) for a prime r . In the following proposi-
tion, if r = 2, then (2) is redundant since ρ(S) − {2} = π(rn − 1) ∪ π(rn + 1).
Proposition 3.6. Let G satisfy Hypothesis 3.3 and let S ∼= PSL2(rn) for a prime r with
rn  4. Fix a prime p ∈ ρ(G) − ρ(S). Then one of the following occurs:
(1) p is adjacent to all of the primes in two of the sets {r}, π(rn − 1), and π(rn + 1);
(2) p is adjacent to all of the primes in ρ(S) − {2}.
Proof. Let C/N = CG/N(M/N). We observe that G/C is isomorphic to a subgroup of
the automorphism group of S.
We first show that the result holds when p ∈ ρ(G/C). Since p /∈ ρ(S), it follows from
the Itô–Michler theorem that p does not divide |S|. We define m = |G : CM|. We deduce
that p divides m, which divides 2n, since G/CM is isomorphic to a subgroup of the outer
automorphisms of S. As 2 ∈ ρ(S), we obtain p = 2, hence p divides n and n  3. In the
proof of [8, Theorem 2.7], we showed the following two facts. If r = 2, then G/C has
degrees m(rn + 1) and m(rn − 1). If r is odd, then either m(rn − 1) or (m/2)(rn − 1) is a
degree of G/C, the second case being possible only when m is even. A similar argument
shows that when r is odd, either m(rn+1) or (m/2)(rn+1) is a degree of G/C. (This uses
the character χ2 ∈ Irr(PSL2(q)) in the notation of [3].) Because p is odd and divides m, it
follows that p must be adjacent to all of the primes in π(rn − 1) and in π(rn + 1).
We now consider the case where p is not in ρ(G/C). It is not difficult to see that G/C
has no nontrivial abelian normal Sylow p-subgroup, so by the Itô–Michler theorem, p does
not divide |G : C|. We conclude that p ∈ ρ(C). Since CM is a normal subgroup, ∆(CM)
is a subgraph of ∆(G). If the proposition holds in CM , it must hold in G. Thus, for the
remainder of the proof, we assume G = CM , and thus, G/C ∼= S.
We can find a character θ ∈ Irr(C) with p dividing θ(1). Let T be the stabilizer of
θ in G. Suppose first that T = G, so θ is G-invariant. If θ extends to G and rn = 5, then
θ(1)(rn−1) and θ(1)(rn+1) are in cd(G) by Gallagher’s theorem. When rn = 5, we have
θ(1)3, θ(1)4 ∈ cd(G). In any case, p is adjacent to all of the primes in π(rn−1)∪π(rn+1)
when θ extends to G.
When θ does not extend to G, we consider the factor set of G/N determined by θ . If
the factor set for θ has order 2, then again θ(1)(rn − 1) and θ(1)(rn + 1) lie in cd(G),
since (G,C, θ) must be character triple isomorphic to (SL2(rn),Z,λ), where Z is the
center of SL2(rn) and λ is the character in Irr(Z) of order 2. If the factor set for θ does
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θ has order 3 or 6. We have rn − 1 = 9 − 1 = 8, so π(rn − 1) = {2} in this case. When
the factor set of θ has order 3 or 6, we see using [2] that θ has a projective character of
degree 6, so 6θ(1) ∈ cd(G). It follows that p is adjacent to all primes in the sets {r} = {3}
and π(rn − 1) = {2} as desired.
We now suppose that T < G. Using Clifford’s theorem [6, Theorem 6.11], θ(1)|G : T |
divides some degree in cd(G), so the result will hold if two of the quantities r , rn − 1, or
rn + 1 divide |G : T |. We now use the list of subgroups of PSL2(rn) that is found in [5,
Hauptsatz II.8.27]. We see that if T/C is an elementary abelian r-group, a cyclic group, or
the semi-direct product of cyclic group acting on an elementary abelian r-group, then two
of the quantities r , rn − 1, or rn + 1 will divide |G : T |, and the result will hold.
Suppose T/C is a dihedral group. Let D/C be the cyclic subgroup of index 2 in T/C.
We know that |D/C| divides either (rn − 1)/2 or (rn + 1)/2. It follows that |T/C| divides
either rn − 1 or rn + 1, and hence, either r(rn + 1)/2 or r(rn − 1)/2 divides |G : T |.
Since D/C is cyclic, it follows that θ extends to θˆ ∈ Irr(D). If θˆ is T -invariant, then θˆ ,
and hence θ , must extend to T , and by Gallagher’s theorem, 2θ(1) ∈ cd(T | θ), where
cd(T | θ) denotes the set of degrees of irreducible characters of T lying over θ . If θˆ is not
T -invariant, then D must be the stabilizer of θˆ in T since |T : D| = 2. It follows that θˆ T is
irreducible, and again 2θ(1) ∈ cd(T | θ). Using Clifford’s theorem, |G : T |2θ(1) ∈ cd(G).
Since either r(rn −1)p or r(rn +1)p must divide |G : T |2θ(1), we have that p is adjacent
to all of the primes in either {r} ∪π(rn − 1) or {r} ∪π(rn + 1), and the result holds in this
case.
We now consider the case where T/C is either A4 or S4. In both cases, we see that
|G : T | is divisible by all primes in ρ(S) − {2,3}, so p is adjacent to all of these primes.
If θ extends to T , then 3θ(1) ∈ cd(T | θ) using Gallagher’s theorem and the fact that
3 ∈ cd(T /C). This implies that p is adjacent to 3, hence p is adjacent to all primes in
ρ(S) − {2}. If θ does not extend to T , then either 2θ(1) or 3θ(1) must divide some degree
in cd(T | θ). As before, the result will hold if 3 is adjacent to p. If 2θ(1) divides a degree
in cd(T | θ), then p will be adjacent to all primes in ρ(S)−{3}. Since 3 lies in at most one
of the sets {r}, π(rn − 1), or π(rn + 1), it follows that p is adjacent to all of the primes in
two of the sets {r}, π(rn − 1), or π(rn + 1).
Next, assume that T/C is isomorphic to A5. We see that |G : T | is divisible by all primes
in ρ(S) − {2,3,5}. If θ extends to T , then 3θ(1), 4θ(1), and 5θ(1) all lie in cd(T | θ) via
Gallagher’s theorem, and p is adjacent to all of the primes in ρ(S). If θ does not extend, we
see from [2] that 6 is a projective character degree for θ , so 6θ(1) ∈ cd(T | θ). It follows
that p is adjacent to all of the primes in ρ(S) − {5}. Since 5 lies in at most one of the
sets {r}, π(rn − 1), or π(rn + 1), we see that p is adjacent to all of the primes in two of
these sets.
The remaining possibility is that T/C is isomorphic to PSL2(rm) or PGL2(rm) where
m < n. Since PSL2(4) ∼= PSL2(5) ∼= A5 has already been considered, we may assume
rm  7. We see that
|G : T | = (r
n − 1)rn−m(rn + 1)
m m
,ε(r − 1)(r + 1)
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every prime in ρ(S) − (π(rm − 1) ∪ π(rm + 1)) divides |G : T |. If θ extends to T , then
(rm − 1)θ(1) and (rm + 1)θ(1) both lie in cd(T | θ) via Gallagher’s theorem. If θ does not
extend to T and θ has a factor set of order 2, then rm−1 and rm+1 are projective character
degrees, and we obtain (rm − 1)θ(1) and (rm + 1)θ(1) in cd(T | θ). In both of these cases,
we may conclude that p is adjacent to all of the primes in ρ(S). If θ does not have a factor
set of order dividing 2, then we must have rm = 9. It follows that π(rm − 1) = {2} and
π(rm + 1) = {2,5}. In this case, we see that 6 is a projective character degree. It follows
that 6θ(1) ∈ cd(T | θ). We conclude that p is adjacent to 2 and 3, so p is adjacent to all
primes in ρ(S) − {5}. Since 5 lies in at most one of the sets {r}, π(rn − 1), or π(rn + 1),
we conclude that p is adjacent to all of the primes in two of the sets {r}, π(rn − 1), or
π(rn + 1). This proves the result. 
Lemma 3.7. If G satisfies Hypothesis 3.3 and S ∼= PSL2(rn) for some odd prime r , then
the diameter of ∆(G) is at most 3.
Proof. Consider primes p,q ∈ ρ(G). Suppose first that both p,q ∈ ρ(G) − ρ(S). If both
p and q are adjacent to 2, then we have d(p,q)  2. If p is not adjacent to 2, then p is
adjacent to all of the primes in ρ(S) − {2} by Proposition 3.6. Also, using Proposition 3.6,
q is adjacent to some prime in ρ(S) − {2}, so d(p,q) 2.
Next, suppose p,q ∈ ρ(S). We know that every prime in π(rn − 1)∪π(rn + 1) is adja-
cent to 2, so if p,q ∈ π(rn − 1)∪ π(rn + 1), then d(p,q) 2. Thus, we may assume that
one of p or q is r , say p = r and q ∈ π(rn − 1)∪π(rn + 1). If r is adjacent to some prime
r1 ∈ π(rn − 1) ∪ π(rn + 1), then we have a path r—r1—2—q of length 3 and we obtain
d(p,q) 3. Suppose r is not adjacent to any prime in π(rn − 1)∪π(rn + 1). Since ∆(G)
is connected, r must be adjacent to some prime r1 ∈ ρ(G)−ρ(S). By Proposition 3.6, r1 is
either adjacent to 2 or to all of the primes in ρ(S) − {2}. In the first case, we have a path
r—r1—2—q . This yields d(p,q) 3. In the second case, if q = 2, then r1 is adjacent to
q and d(r, q) = 2, whereas if q = 2, we can find 2 = q1 ∈ π(rn − 1) ∪ π(rn + 1) so that
we have the path r—r1—q1—2, and d(p,q) = d(r,2) 3.
Finally, consider p ∈ ρ(G) − ρ(S) and q ∈ ρ(S). By Proposition 3.6, we know that p
is either adjacent to 2 or p is adjacent to all of the primes in ρ(S)−{2}. First, suppose p is
adjacent to all primes in ρ(S) − {2}. If q is not 2, then p and q are adjacent, and if q = 2,
then d(p,q) 2.
We may now assume p is adjacent to 2. In this case, d(p,q)  2 for all primes q ∈
π(rn − 1) ∪ π(rn + 1), and so we assume that q = r . If p is not adjacent to r , then from
Proposition 3.6, we see that p is adjacent to all primes in π(rn − 1) ∪ π(rn + 1). If r
is adjacent to any prime in π(rn − 1) ∪ π(rn + 1), then d(p,q)  2. Suppose r is not
adjacent to any prime in π(rn − 1) ∪ π(rn + 1). Since ∆(G) is connected, we can find a
prime r1 ∈ ρ(G) − ρ(S) that is adjacent to r . By Proposition 3.6, r1 must be adjacent to
some prime p1 ∈ π(rn − 1) ∪ π(rn + 1). Now, we have the path r—r1—p1—p, and so
d(p, r) 3.
In all cases, we have d(p,q) 3, and the result is proved. 
M.L. Lewis, D.L. White / Journal of Algebra 283 (2005) 80–92 91Lemma 3.8. If G satisfies Hypothesis 3.3 and S ∼= PSL2(2n) for some integer n 2, then
the diameter of ∆(G) is at most 4.
Proof. Recall that in this case ρ(S) is the disjoint union of the sets {2}, π(2n − 1), and
π(2n + 1). Each of these sets is a connected component of ∆(S) and is a complete graph.
Let p,q ∈ ρ(G). We begin by considering the case where both p and q are in ρ(G) −
ρ(S). We may apply Proposition 3.6 to both p and q , and we see that p and q must have a
common neighbor in ρ(S). It follows that d(p,q) 2.
Next, suppose p ∈ ρ(G) − ρ(S) and q ∈ ρ(S). If p is adjacent to q , then we are done.
We suppose that p is not adjacent to q . By Proposition 3.6, p is adjacent to all of the
primes in two of the sets {2}, π(2n − 1), and π(2n + 1). Write P for the union of the two
sets whose primes are adjacent to p. Obviously, q must be in the remaining set, which we
denote by Q. If any prime in Q is adjacent to any prime in P , then it is not difficult to see
that d(p,q) 3. Thus, we may assume that no prime in P is adjacent to any prime in Q.
Since ∆(G) is connected, there is prime q1 ∈ ρ(G) − ρ(S) so that q1 is adjacent to some
prime inQ. Observe that d(q, q1) 2. By the first case in this proof, we have d(p,q1) 2,
and we obtain d(p,q) 4.
The final possible case is that both p and q lie in ρ(S). Thus each of p, q is in one of
the sets {2}, π(2n − 1), or π(2n + 1). If both p and q are in the same set, then they are
adjacent, so we may assume they are in different sets. Denote by P the set containing p,
by Q the set containing q , and byR the third set.
If a prime in P is adjacent to a prime in Q, then d(p,q) 3. If a prime r in ρ(G) is
adjacent to a prime p1 ∈ P and to a prime q1 ∈Q, then we have a path p—p1—r—q1—q ,
and d(p,q) 4. Thus we assume that no prime in P is adjacent to any prime in Q, and no
prime in ρ(G) is adjacent to a prime in P and a prime in Q.
Since ∆(G) is connected, there is a prime p1 ∈ ρ(G) that is not in P and is adjacent to
some prime in P . By our assumptions, p1 ∈ ρ(G)−ρ(S) or p1 ∈R, and p1 is not adjacent
to any prime in Q. Similarly, there is a prime q1 in either ρ(G) − ρ(S) or R adjacent to a
prime in Q but not to any prime in P .
Suppose first that one of p1 or q1, say p1, is in ρ(G)−ρ(S). By Proposition 3.6 and our
assumptions, p1 is adjacent to all primes in the sets P andR. If q1 ∈R, then q1 is adjacent
to a prime q2 ∈Q, and we have the path p—p1—q1—q2—q . If q1 ∈ ρ(G) − ρ(S), then
q1 is adjacent to all primes in Q and R. Thus for any prime r ∈ R, we have the path
p—p1—r—q1—q . In either case, d(p,q) 4.
Finally, suppose both p1 and q1 are in R. Then p1 is adjacent to q1 and to a prime
p2 ∈ P , q1 is adjacent to a prime q2 ∈Q, and we have the path p—p2—p1—q1—q2—q .
But one of the sets P ,Q, orR is the set {2}, consisting of one prime. Hence one of p = p2,
p1 = q1, or q2 = q holds, and the length of this path is at most 4. Therefore d(p,q) 4 in
any case, and the result holds. 
We can now prove Theorem 3.1.
Proof of Theorem 3.1. If G is solvable then the result follows from [10, Theorem 3.2]. If
G is not solvable and ∆(G) is disconnected, then the diameter is at most 2 by Lemma 3.2.
We may therefore assume G is not solvable and ∆(G) is connected.
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Thus we may assume that G′ = G′′ > 1 (i.e., every solvable quotient of G is abelian). Let
M = G′ and let N be a normal subgroup of G so that M/N is a chief factor for G. We
know that M/N is a direct product of s copies of some nonabelian simple group S. In [10,
Corollary 3.4(b)], it is shown that ∆(G) has diameter at most 3 if s > 1. Hence we may
assume that M/N ∼= S is simple, so that G satisfies Hypothesis 3.3.
If ∆(S) is not connected, then by [8, Theorem 2.1], S ∼= PSL2(q) for some prime
power q . In this case, ∆(G) has diameter at most 4 by Lemmas 3.7 or 3.8, depending
on whether q is odd or even. If ∆(S) is connected with diameter at most 2, then ∆(G)
has diameter at most 4 by [10, Corollary 3.4(c)]. Finally, if ∆(S) is connected with di-
ameter greater than 2, then S ∼= J1 by Theorem 2.1, and the result follows in this case by
Lemma 3.5. 
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